Abstract: In this paper, we revisit a modified version of the classical Whitehead's theory 
Introduction
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In this paper, we will be concerned with two, still unresolved, anomalies in the ephemeris of the Solar System: (i) the so-called anomalous increase of the Astronomical Unit (au) (ii) the anomalous increase of the eccentricity of the Moon's orbit. Krasinsky and Brumberg firstly reported the first one in 2004. By a careful analysis of ephemeris data from different sources in the last decades, including radar ranging obtained with spacecraft, they found an unexplained increase in the value of the fundamental distance scale of the Solar System, the astronomical unit, with a rate of 15 ± 4 meters per century [3] . By adding new recent measurements, Standish gave a lower, but still significant, value for the secular increase of the au of 7 ± 2 meters per century [4] . The definition of the Astronomical Unit has changed through time. The early approach by Gauss was obtained by writing Kepler's third law in the form:
where T is the length of the year measured in terms of the mean solar day, M is the mass of the sun 27 in terms of the Earth's mass and a is the semi-major axis of the Earth's orbit in meters. Here, k is the 28 so-called Gaussian gravitational constant. In the first approach to the problem of defining the au it was 29 assumed that k is a constant by definition and from there we can obtain the size of the orbit from Eq.
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(1) but since 2012 is exactly defined as 149597870.7 kms. This was established as a definition in the 
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Iorio considered some possible classical phenomena that could be involved in this anomaly. In particular, he showed that the general relativistic gravitomagnetic acceleration has the correct order of magnitude but, on the other hand, its secular effect vanishes so it cannot explain the anomaly. Other alternatives include the perturbations on the Earth-Moon system by a massive trans-Plutonian planet still undiscovered. The problem with this hypothesis is that the mass of this planet should be so large (for example and Earth mass planet at 30 au) that it would have already been discovered [17] . An interesting unconventional idea is the proposal of Iorio of a universal radial acceleration of the form: some insights into local phenomena in the scale of the Solar system.
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Whitehead's starting point is a null vector that takes into account the retardation delay from the 100 propagation of a signal from the source to the test point:
where x α are the space-time coordinates of the test particle andx α are the coordinates of the 102 intersection of the past cone corresponding to the event x α and the world line, W, of the point like source. We now define the fourth-velocity along this world line, u α , a scalar r and a reduced null vector 104 l α as follows:
Whitehead does not develop a field equation for the coupling between matter and spacetime curvature 106 as Einstein did. On the other hand, his theory is much simpler, being totally contained in the definition 107 of a symmetric covariant tensor:
where η µν is the diagonal Minkowski's metric:
this metric many classical predictions of General Relativity can be deduced [33] .
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In this paper we are not going to use the original theory of Whitehead but a recent extension of it 111 developed by Bel [37,38]. By using the notation above and all possible combinations of l α as defined in Eq. (4) and the fourth-velocity, u α , the following general expression for the symmetric tensor g µν is
113
found:
where η µν denotes Minkowski's metric as usual and A 0 ,. . .,A 3 are a series of constants to be 115 determined. Bel imposed the condition given by Einstein's vacuum equations, R µν = 0, to find the 116 relation A 0 = 2(A 1 − A 2 ). The Newtonian limit also implies that A 1 − A 3 = 2 G m. Here G is the 117 gravitational constant and m the mass of the source. 
where The objective of this work is to evaluate the forces corresponding to this anomalous component 
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We consider separately the two terms beyond the Newtonian approximation in Eq. (7). The first term is given by f i I = GM/(cL 2 )u i so, for the situation in Fig. 1 , it would be given by:
so the contribution of this force (per unit mass) to the total momentum of the system of anomalous forces acting upon the mass elements of the central body (with coordinates x, y, and z) are:
where the L vector is related to the position vectors for the Earth and the mass element inside the Sun by: L = r − D. So, the modulus satisfies the relation: Figure 1 . Geometry for the calculation of the anomalous momentum exerted by the Earth upon the Sun. We assume that the rotation axis of the Sun is normal to the ecliptic plane and that the orbit of the Earth is circular and that it moves with linear velocity of constant modulus |u|. We notice that r denotes the radius vector corresponding to an arbitrary point inside the Sun (denoted by P ), L is the vector from the center of the Earth to that point and D is the vector from the Earth to the center of the Sun.
In this relation we have ignored the retardation effects in the definition of the vector L α . Notice that here θ is the polar angle of the point P with respect the axis x. Integrating now over the whole volume of the Sun we have:
Moreover, by using assumption (iii) of constant's mass density inside the Sun, we have:
R being the radius of the Sun. By evaluating the double integral we arrive at the following expression for the first term of the total torque of the anomalous system of forces:
where
In Eq. (13) we have ignored the term in theî direction because its integral is null by symmetry. Similarly, for the second term of the anomalous force in Eq. (7) we can write:
where θ is the polar angle with respect to axis x and φ is the azimuthal angle measured in the plane y-z with reference at axis y. Therefore, the contribution of this force applied at point P to the total momentum of the system is given by:
Integrating over all the mass elements in the Sun and ignoring the component that cancels out by symmetry, as before, yields:
An explicit expression can also be found for the integral in Eq. (17), yielding:
and from Eqs. (13), (14), (17) and (18) we arrive at the following equation for the total momentum of the extra forces acting upon the central spherical body of radius R and constant density, ρ:
where we must remember that M corresponds to the mass of the orbiting body but ρ is the density of the 135 central body. Orbital velocity (km/s) n.a. 29.78 1.022
Mean orbital distance (km) n.a.
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4. Application to the Solar system anomalies Here we will apply the results for the anomalous momentum transfer among an orbiting body and the central one to the Earth-Sun and Moon-Earth systems. We will see that the predictions of the force model in Eq. (7) are unrealistically large unless we generalize it further in the form:
where β(D) is a scalar parameter with a possible dependence on the average distance between the 137 orbiting and the central body. Some useful parameters to apply the results in Sec. 3 are listed in Table 1 .
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If we use now the parameters in Table 1 and Eqs. (19), (14), (18) with R being the radius of the Sun, D the orbital distance to the Earth, GM the mass constant of the Earth and ρ the density of the Moon we obtain that the momentum of the system of forces acting upon the Sun is M Sun = −2.70036 × 10 29 β(D)k Joules. As this momentum is opposite to the angular velocity vector of the Sun, it means that it tends to decrease the total angular momentum of the Sun and its rotational energy and, consequently, it corresponds to an increase of the orbital energy of the Earth to keep the energy balance. The decrease of the rotational energy of the Sun is then given by:
The anomalous increase of the astronomical unit can also be correlated with an increase of the orbital energy of the Earth in the form [40] : (14) and (18) we find:
This corresponds to a decrease of the rotational angular momentum of the Earth or an increase of the Moon's orbital angular momentum of the same magnitude by the principle of angular momentum conservation. Similarly, the associated decrease in the rotational energy of the Earth is given by:
where M Earth is, as before, the total momentum of the non-Newtonian forces acting upon the Earth. Of course, the Moon's orbital energy changes by a quantity of the same magnitude, but opposite in sign, as a consequence of energy conservation. We have also that the orbital angular momentum of the Moon and its orbital energy are given by:
It is known from perturbation theory that the variation of the orbital eccentricity, , as a consequence of perturbing forces can be calculated from the expression [40]:
where E is the orbital energy and H is the orbital angular momentum. From Eqs. (23), (24), (25) and (26) and the value = 0.0549 for the eccentricity of the Moon's orbit [39], we can estimate the variation in the eccentricy of the orbit of the Moon as a consequence of the Whitehead's extra non-Newtonian force as follows:
where we have taken into account that the orbital angular momentum rate for the Moon is opposite to 
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One possibility is that β is really a universal constant but it is also possible that the similarity among the 156 two values is, purely, coincidental and that it depends on some orbital parameters such as the distance 157 from the central body.
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This second possibility is more interesting if we take into account that the extended Whitehead's Therefore, we propose a relation of the form:
where D is the distance from the central or source body to the orbiting planet, satellite or spacecraft, and
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Λ is a characteristic length scale that depends of the physical parameters of the source. We can assume we find from Eq. (28) and the value of β found in Sec. 4.1 that A 1.3352.
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By using this value of the coefficient A and applying Eq. (28) to the Sun-Earth system we find from the value of β given in Sec. 4 that Λ Sun = 8.96482R Sun . This value is larger in terms of the radius of the central body that the one given for Earth. The same is found if we make another hypothesis about the range of the anomalous interaction for the case of the Earth. A formula for Λ would be purely speculative but one can check that:
predicts Λ 9.79R Sun which suggest that not only the mass and radius of the central body may be 
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Obtaining more data with improved lunar laser ranging techniques will allow for reducing the statistical 
